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Abstract – The surface tension driven merging of two wedge-shaped regions of fluid, and the wetting of a wedge shaped solid, are analyzed. Following
the work of Keller and Miksis in 1983, initial conditions are chosen so that the flows and their free surfaces are self-similar at all times after the initial
contact. Then the configuration magnifies by the factort2/3 and the fluid velocity at the pointx/t2/3 decays liket−1/3, where the origin ofx andt are
the point and time of contact. In the merging problem the vertices of the two wedges of fluid are initially in contact. In the wetting problem, the vertex
of a wedge of fluid is initially at the corner of the solid. The motions and free surfaces are found numerically. These results complement those of Keller
and Miksis for the wetting of a single flat surface and for the rebound of a wedge of fluid after it pinches off from another body of fluid. 2000 Éditions
scientifiques et médicales Elsevier SAS
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1. Introduction

The merging of two bodies of liquid and the wetting of a solid by a liquid both involve the rapid transient
motion of a liquid with a free surface at which surface tension acts. Some aspects of such motions are elucidated
by the self-similar flows introduced by Keller and Miksis [1]. Self-similar flows are quite special, but they are
sometimes attractors which are approached by certain other flows as they evolve. Therefore, we shall investigate
some self-similar merging and wetting flows.

We consider the wetting of a solid by a fluid which comes in contact with it at the cornerx= 0 at t = 0 (see
figure 1(a)), and the merging of two regions of fluid which meet at one pointx = 0 at timet = 0 (seefigure
1(b)). In both cases, the motion is driven by surface tension, and is singular att = 0. The fluid is surrounded by
a gas at constant pressure.

To analyze these phenomena, we take the fluid to be incompressible, inviscid, and in irrotational motion in
two dimensions. Following Keller and Miksis [1] we assume that the initial configuration contains no length
scale. This is the case if the fluid is initially at rest and if the solid and fluid surfaces att = 0 are straight lines
meeting at the pointx= 0. (Seefigures 1(a)and1(b).) Then it follows that in the merging problem, the velocity
and surface of the fluid are self-similar at all later times. The velocity is of the form(σ/ρt)1/3 u[(ρ/σ t2)1/3x]
and the equation of the free surface is of the formf [(ρ/σ t2)1/3x] = 0, whereρ is the fluid density andσ is the
coefficient of surface tension. Thus the configuration just magnifies by the factort2/3 and the velocity atx/t2/3

decays liket−1/3.
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In the wetting problem, the same self-similarity will result if the contact angleβ is a constant, independent
of the velocity of the contact line. However, both experiment and theory show thatβ varies with the velocity of
the contact line when that velocity is small. But when the velocity is large, as it is initially in wetting,β seems
to be constant. Therefore, to describe the initial behavior of the wetting flow, we shall takeβ to be constant.
Some of the previous work on the velocity dependence ofβ is described in section 5.

In section 2 we give a detailed formulation of the wetting problem, including the requirement of a fixed
contact angleβ between the fluid and solid surfaces. We treat only flows symmetric about they-axis. The fluid
is bounded initially by the semi-infinite straight lines with slope anglesθ andπ − θ , so it occupies a wedge
of opening angleπ − 2θ . The merging problem shown infigure 1(b)is a special case of the wetting problem
shown infigure 1(a), in which β = π/2 andα = 0, i.e. the free surface is normal to the wall and the wall is
flat. The case of wetting whenα < 0 andθ = 0 is particularly interesting since it corresponds to the wetting
of a solid wedge whose tip touches a flat fluid surface att = 0. A typical configuration is shown infigure 1(c)
which was turned upside down.

In section 3 we reformulate the problem as an integro-differential system. In section 4 we present a numerical
method for solving this system and discuss the results. Some of them are shown infigures 2to 6. In section 5
we discuss the results and their applicability.

2. Formulation

We consider a rigid boundary consisting of two semi-infinite straight wallsA′O andC ′O which meet at the
cornerO. (Seefigure 1(a).) Between the walls is a wedge-shaped region of fluid bounded by two semi-infinite
straight linesBO andDO. The lineC ′O makes the angleα with the positivex-axis, andA′O makes the same
angle with the negativex-axis, so that the angle between the walls isπ − 2α. The lineDO makes the angle
θ > α with the positivex-axis, andBO makes the same angle with the negativex-axis, so the fluid occupies
the angleπ − 2θ .

At t = 0 the fluid begins to move under the influence of surface tension, wetting the walls along the segments
OA andOC, and making the contact angleβ with each wall. The two free surfaces of the fluid are deformed
into the two curved linesAB andCD. Since the initial configuration is symmetric about they-axis, the resulting
flow will be symmetric also. Therefore we shall formulate the problem for that half of the flow in the region
x > 0.

The symmetrical merging of two identical wedges of fluid is represented infigure 1(b). By comparing this
figure withfigure 1(a)we see that the upper half of the merging flow is the same as the wetting flow when the
corner is absent, i.e. whenα = 0, and the wetting angle isβ = π/2. Therefore we shall just formulate and solve
the wetting problem, and obtain the merging flow by settingα = 0 andβ = π/2.

The fluid velocity can be written as∇8(x, t) where the potential8 is a harmonic function in the fluid domain
�(t):

18= 0, x ∈�(t). (1)

The free boundaryCD of �(t), is described byF(x, t) = 0. On this boundary, the kinematic and dynamic
boundary conditions are, respectively,

Ft +∇8 · ∇F = 0 onF = 0, (2)

8t + 1

2
(∇8)2+ (σ/ρ)κ = 0 onF = 0. (3)
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(a)

(b)

Figure 1. (a) A fluid wetting the walls near a corner. One solid wallOC, makes the angleα with the positivex-axis and the other solid wall,OA,
makes the same angle with the negativex-axis. The fluid is contained initially (att = 0) in the wedge bounded by the dotted linesOD andOB, which
make the angleθ with the positive and negativex-axes, respectively. Fort > 0, the free surfaces of the fluid are the curved linesCD andAB, which
meet the solid walls at the contact angleβ. The segmentsOC andOA of the walls are wetted. (b) Typical result of the merging of two wedges of fluid.
For t > 0, the free surface in the first quadrant was computed by the method of section 3 withα = 0◦, θ = 45◦, andβ = 90◦ . (c) Typical result of the
wetting of a solid wedge by an initially horizontal fluid region. Fort > 0, the free surface forξ > 0 was computed by the method of section 3 with

α =−40◦, θ = 0◦, andβ = 90◦ . The figure has been turned upside down.
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(c)

Figure 1. (Continued.)

Here,σ is the coefficient of surface tension,ρ is the density of the fluid, andκ is the curvature of the free
surface. The symmetry about they-axis implies

8x = 0 onx = 0. (4)

The kinematic condition on OC is

8x sinα−8y cosα = 0 onOC. (5)

The contact angle condition atC implies

Fx cos(α− β)+Fy sin(α− β)= 0 atC. (6)

To fix the velocity potential uniquely, we assume that

8→ 0 asx2+ y2→∞. (7)

Initially, at t = 0, we require that

8(x,0)= 0, (8)

F(x,0)= y cosθ − x sinθ. (9)

This concludes the formulation of the problem. For given values ofα, β andθ , we seek8 and the curveF = 0
such that (1)–(9) are satisfied.
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Since this problem contains no length scale, we shall seek a solution expressed in terms of the dimensionless
similarity variablesξ andη defined by

ξ = x(ρ/σ t2)1/3, η= y(ρ/σ t2)1/3. (10)

We write8 andF in terms of two new functionsϕ andf :

8(x, y, t)= (σ 2t/ρ2)1/3ϕ(ξ, η), (11)

F(x, y, t)= f (ξ, η). (12)

The domain�(t) becomes a fixed domain�0 in the ξ, η variables, with the equation of the free boundary
given byf (ξ, η)= 0. Substituting (10)–(12) into (1)–(3) yields,

1ϕ = 0 in�0, (13)

−2

3
(ξ, η) · n̂+∇ϕ · n̂= 0 onf = 0, (14)

−2

3
(ξ, η) · ∇ϕ + 1

2
(∇ϕ)2+ 1

3
ϕ + κ = 0 onf = 0. (15)

In (14), n̂ denotes the unit normal pointing out of�0. Equations (4)–(7) remain unchanged with8, x, y, F
replaced byϕ, ξ , η, f respectively. Equation (8) follows from (11) ifϕ is bounded at infinity, while (9) and
(12) yield

f (ξ, η)∼ η cosθ − ξ sinθ asξ2+ η2→∞. (16)

3. Reformulation as an integro-differential system

To solve the problem formulated above, we first express the free surfacef (ξ, η)= 0 parametrically in terms
of arclengths along it, withs = 0 atC: ξ = ξ̄ (s), η = η̄(s). Then

ξ̄ ′2+ η̄′2= 1. (17)

The tangent̂t and the normal̂n are given by

t̂ = (ξ̄ ′, η̄′), n̂= (η̄′,−ξ̄ ′), (18)

and the curvatureκ is

κ = ξ̄ ′η̄′′ − η̄′ξ̄ ′′. (19)

On the boundary the gradient ofϕ can be written as

∇ϕ = n̂ ∂ϕ
∂n
+ t̂ ∂ϕ

∂s
. (20)
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By using these relations, we can write the boundary conditions (14) and (15) as

∂ϕ

∂n
= 2

3

(
ξ̄ η̄′ − η̄ξ̄ ′), (21)

−2

3

(
ξ̄ ξ̄ ′ + η̄η̄′)∂ϕ

∂s
+ 1

2

(
∂ϕ

∂s

)2

− 1

2

(
∂ϕ

∂n

)2

+ 1

3
ϕ + ξ̄ ′η̄′′ − η̄′ξ̄ ′′ = 0. (22)

The contact angle condition (6) becomes

η̄′ cos(α− β)− ξ̄ ′ sin(α − β)= 0 ats = 0. (23)

On the free surface, the far field conditions (7) and (16) become, respectively,

ϕ ∼ 0 ass→∞, (24)

η̄ cosθ − ξ̄ sinθ ∼ 0 ass→∞. (25)

We introduce the Green’s functionG(ξ, η, ξ ∗, η∗) with the slowest growth at infinity satisfying

1G= δ(ξ − ξ ∗, η− η∗), (26)

∂G

∂ξ
= 0 onξ = 0, (27)

sinα
∂G

∂ξ
− cosα

∂G

∂η
= 0 onη cosα− ξ sinα = 0. (28)

Forα = 0 the Green’s function is given by

G= 1

2π
ln
[(
ξ − ξ ∗)2+ (η− η∗)2]1/2+ 1

2π
ln
[(
ξ − ξ ∗)2+ (η+ η∗)2]1/2

+ 1

2π
ln
[(
ξ + ξ ∗)2+ (η− η∗)2]1/2+ 1

2π
ln
[(
ξ + ξ ∗)2+ (η+ η∗)2]1/2. (29)

For other values ofα we can obtainG from this formula by conformal mapping.

We now apply Green’s theorem in�0 to ϕ and G, writing G(s, s∗) = G[ξ̄ (s), η̄(s), ξ̄ (s∗), η̄(s∗)] and
ϕ(s)= ϕ[ξ̄ (s), η̄(s)]. The only nonzero contribution to the integrals comes from the free surface, so we get

1

2
ϕ(s∗)=

∫ ∞
0

[
ϕ(s)

∂G

∂n

(
s, s∗

)−G(s, s∗)∂ϕ
∂n
(s)

]
ds. (30)

Equation (30), together with the conditions (17) and (21)–(25) define an integro-differential system for the
unknownsξ̄ (s), η̄(s), ϕ(s).

4. Numerical method

The integro-differential system derived in section 3 can be solved numerically. To solve it we discretize a
portion of the free surface withN + 1 equally spaced pointssi , i = 0, . . . ,N , with s0= 0. The corresponding
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Figure 2. Six cases of merging of two wedges of fluid. That part of the computed free surface of the upper wedge which lies in the first quadrant is
shown fort > 0. In all casesα = 0◦ andβ = 90◦. The values ofθ , from bottom to top, areθ = 5◦,15◦,30◦,45◦,60◦,75◦ . In the first two cases, the

computational domain exceeded the region shown. Reflection in thex andy axes will yield the full picture of the merged fluids, as infigure 1(b).

Figure 3. Six cases of a wedge of fluid wetting a plane. The flow is symmetric about they-axis At t = 0 the fluid inx > 0 is bounded by the line
θ = 45◦. The solid plane is thex-axis, soα = 0◦. The values of the contact angleβ are, from left to right,β = 120◦,105◦,90◦,75◦,60◦,45◦,30◦ .

Only part of each computational domain is shown.
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3N + 3 unknowns areϕi , ξi , ηi . We compute all derivatives at interior points with centered finite difference
stencils. The arclength equation (17) is satisfied at the midpointssMi = (si + si+1)/2 for i = 0, . . . ,N − 1.
Bernoulli’s equation (22) is satisfied atsi , for i = 1, . . . ,N . The integral equation (30) is applied atsMi
for i = 1, . . . ,N − 2 with the trapezoidal rule for the integral, summing oversj wherej = 0, . . . ,N . This
approximates correctly the principal value integral in (30). Together these yield 3N − 2 nonlinear algebraic
equations for the 3N+3 unknownsϕi, ξi andηi, i = 0, . . . ,N . Three more equations come from the conditions
(23) ats0 and (24) and (25) atsN . One more equation forces the first free surface point(ξ0, η0) to be on the wall

ξ̄ (0)sinα− η̄(0)cosα = 0. (31)

The final equation is obtained by combining (21) with (5):

sinβ
∂ϕ

∂s
(0)=−2

3
cosβ

[
ξ̄ (0)η̄′(0)− η̄(0)ξ̄ ′(0)]. (32)

The resulting system of 3N + 3 equations for 3N + 3 unknowns is solved by Newton’s method using
continuation. We start from the exact solutionϕ = 0, ξ = s cosθ , η= s sinθ , which holds whenβ+ θ−α = π .
Then we gradually changeθ,α or β keepingβ < π − θ + α.

We have used this scheme to compute solutions for various values ofθ , α, β. Some of the results are shown
in figures 1(b), 1(c), 2, 3, 4,and5. The numerical results shown have converged, since varyingN and1s does
not change them. Typical calculations involveN = 200,1s = 0.05.

Figure 4. Three cases of a wedge of fluid wetting a solid near a corner. The configuration is symmetric in they-axis, so the other wall of the corner is
in the second quadrant. In each case the initial boundary of the liquid is the lineθ = 45◦ , and the contact angle isβ = 90◦ . The values ofα shown on

the figure areα = 0◦,15◦,30◦ . Only part of each computational domain is shown.
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Figure 5. Five cases of a solid wedge being wet by a half-plane of fluid. The configuration is symmetric in they-axis, so the other wall of the corner
is in the third quadrant. The boundary of the liquid is initially horizontal and the wedge touches the fluid att = 0. The contact angleβ = 90◦, and
α =−10◦,−20◦,−40◦,−60◦,−80◦ , corresponding to wedges of 160◦,140◦,100◦,60◦,20◦ respectively. Only part of the computational domain is

shown.

5. Discussion of results

Figure 2shows the results for merging of two fluid wedges with various values ofθ . They were computed
with α = 0 andβ = π/2, and must be reflected in the two axes to show the entire flow, as was done infigure
1(b) for the caseθ = 45◦.

From figure 2we see that the width of the neck between the two bodies of fluid is greater the smaller the
angle 2θ between their surfaces. This is shown graphically infigure 6(a), where the half-width of the neck is
plotted as a function ofθ . The width appears to tend to infinity asθ tends to zero, indicating that a much more
rapid merging will occur initially for two liquid bodies, such as drops, with smooth surfaces which are tangent
to one another. It would be worthwhile to determine analytically the nature of the singular behavior of the width
nearθ = 0 shown infigure 6(a), and also that infigure 6(c)which will be described below.

Figure 2 also shows waves on the surface of the fluid. These are capillary waves generated by the motion
of each fluid in response to the impulsive force exerted by the other fluid. Their amplitude increases asθ

decreases. These waves also appear when a column of fluid pinches off and the two portions are pulled apart by
surface tension. In that context, they have been examined by Keller and Miksis [1], and in the far field they were
shown to have the form of capillary waves impulsively generated at a point. They were also treated in the linear
analysis of pinch-off by Lawrie [2] and Lawrie and King [3], and in the slender wedge analysis of pinch-off
by Ting and Keller [4] and King [5]. The problem treated in [1] was generalized to the case of two fluids by
Popple, Billingham, and King [6]. The merging of two wedges of viscous fluid was analyzed by Miksis and
Vanden-Broeck [7].
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(a) (b)

(c)

Figure 6. The wetted lengthOC as a function (a) of the initial angleθ , with α = 0◦ , β = 90◦ ; (b) of the contact angleβ, with α = 0◦ , θ = 45◦; (c) of
the angleα, corresponding to a wedge angleπ + 2α, with θ = 0◦, β = 90◦ .

Whenfigure 2is reflected about they axis, it represents the wetting of a planar wall by a fluid with contact
angleπ/2. In that case also, the width of the wetted region and the amplitude of the capillary waves both
increase as the angleθ between the wall and the fluid decreases.Figure 6(a)shows the half-width of the wetted
region as a function ofθ based upon the results shown infigure 2.
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Figure 3shows results for the wetting of a planar wall (α = 0), for fixedθ = π/4, and various values of the
contact angleβ. The width of the wetted region and the amplitude of the waves both increase as the contact
angleβ decreases. The half-width of the wetted region is shown as a function ofβ in figure 6(b), based upon
the results shown infigure 3. Figure 4shows results forθ = π/4, β = π/2 andα = 0◦,15◦, and 30◦. When
reflected in they-axis, it portrays the wetting of a corner of angleπ −2a with contact angleβ = π/2. Both the
width of the wetted region and the wave amplitude increase withα, so that they increase as the corner angle
π − 2α decreases.

Figure 5shows the results for the wetting of a solid wedge when its tip comes into contact with a fluid region
at t = 0. This figure, when reflected about they axis and turned upside down, yields configurations such as the
one sketched infigure 1(c). In this case, the width of the wetted region and the wave amplitude both increase
as the angle|θ | between the fluid and the walls tends to zero. Infigure 6(c), based uponfigure 5, the width of
the wetted region is shown as a function ofθ , and it seems to be tending to infinity asθ tends to zero.

All our results show that capillary waves are produced on the free surface of a liquid which wets a solid or
merges with another body of liquid. The wave amplitude, the width of the neck of merged fluid, and the width
of the wetted region of the solid all increase with decreasing angle between the neighboring surfaces of the two
bodies of liquid or between the surfaces of the liquid and the solid. These same features probably occur in other
cases of wetting and merging.

Padday [8] has made experimental observations under microgravity conditions of the merging of two
spherical caps of liquid to form a liquid bridge, and also of the breaking of liquid bridges. He studied caps
of the same liquid, and of two different liquids, with various viscosities. These experiments are not directly
comparable to our calculations in which the initial surfaces have sharp corners. Nevertheless in the experiments
with fluids of low viscosity, the merged surface oscillated, which corresponds to the wave motion predicted by
the calculations.

The corresponding behavior for pinch-off was demonstrated in the experiment of Peregrine et al. [9]. There
the water hanging from a faucet immediately after pinch-off of a drop had the shape of a short portion of a
circular cone with a rounded tip. It was then pulled upward by surface tension. Capillary waves developed on
its surface and its motion agreed with that of the self-similar pinch-off of Keller and Miksis [1].

Hocking [10] studied the spreading of a liquid drop on a solid by capillary action. He considered both
the hypotheses of a constant contact angle and of a velocity-dependent contact angle. He concluded that the
constant contact angle assumption agrees with experiment. Ablett [11] measured the contact angle and found
that for an advancing liquid it increased rapidly with the velocity of the contact line and approached a constant
value for large velocities. For a receding liquid the contact angle decreased to a different constant value for
large velocities. These results provide some support for our wetting analysis using a constant contact angle.

On the other hand, Cox [12] analyzed theoretically the apparent or macroscopic contact angle on the
assumption that the microscopic contact angle is constant. He assumed that slip occurs near the contact line
and considered small values of the capillary numberCa = µU/σ whereU is the velocity of the contact line,
µ is the coefficient of viscosity andσ is the surface tension. He found that the contact angle increased withCa

for Ca small. He also treated large Reynolds numbers, but obtained solutions only forCa less than a certain
finite valueCamax. Thus his results do not contradict the assumption that the contact angle tends to a constant
for large values ofCa.

Suppose two bodies of fluid have surfaces which are wedge shaped with rounded tips. When they meet
at their tips and merge, the flow will not be exactly self-similar. However, it is natural to expect that it will
approach self-similarity as it evolves. The same behavior is to be expected when a fluid body wets a solid, both
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of which are wedge shaped with rounded tips. Thus we expect the self-similar flows to be attractors for this
class of flows.
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